A goal in network science is the geometrical characterization of complex networks. In this direction, we have recently introduced Forman's discretization of Ricci curvature to the realm of undirected networks. Investigation of this edge-centric network measure, Forman-Ricci curvature, in diverse model and real-world undirected networks revealed that the curvature measure captures several aspects of the organization of undirected complex networks. However, many important real-world networks are inherently directed in nature, and the definition of the FormanRicci curvature for undirected networks is unsuitable for the analysis of such directed networks. Hence, we here extend the Forman-Ricci curvature for undirected networks to the case of directed networks. The simple mathematical formula for the Forman-Ricci curvature of a directed edge elegantly incorporates vertex weights, edge weights and edge direction. Furthermore we have compared the Forman-Ricci curvature with the adaptation to directed networks of another discrete notion of Ricci curvature, namely, the well established Ollivier-Ricci curvature. However, the two above-mentioned curvature measures do not account for higher-order correlations between vertices. To this end, we adjusted Forman's original definition of Ricci curvature to account for directed simplicial complexes and also explored the potential of this new, augmented type of Forman-Ricci curvature, in directed complex networks.
Introduction
In the last two decades, network theory [1] [2] [3] [4] [5] [6] has become a standard tool to investigate complex networks that pervade all aspects and strata of nature and society. To wit, metabolic networks [7] capture interactions among different metabolites and enzymes that are responsible for growth and maintenance of a living organism. Ecological networks [8, 9] model interactions among different species in the ecosystem. Online social networks such as Facebook [10] and Twitter [11] encapsulate relationships between different individuals in the society. Transportation networks [12] encapture the movement of traffic across various parts of the world. Network science [1] [2] [3] [4] [5] [6] aims to characterize the structure of these ubiquitous complex networks. Towards this goal, a recent focus in network science has been the development of geometry inspired measures to characterize the structure of complex networks [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] .
networks [39] , signaling networks [40] , neural networks [41] , the world wide web (WWW) [42] , online social networks [11] and transportation networks [43] . To this end, the two different discretizations of the Ricci curvature, Ollivier-Ricci and Forman-Ricci, have been developed and employed for the analysis of undirected complex networks to date [15-18, 20-22, 24, 34, 35] . In a recent contribution [24] , we have compared the performance of these two notions of Ricci curvature in several model and real-world undirected complex networks. To enable proper investigation of both model and real-world directed complex networks, we extend herein the notions of Forman-Ricci and Ollivier-Ricci curvatures to the domain of directed graphs or networks, and thereafter employ our definitions of the Forman-Ricci and Ollivier-Ricci curvature for a directed edge to analyze several model and real-world directed complex networks. Note that in an unpublished preprint [44] , we had extended the definition of the Forman-Ricci curvature for an edge in undirected graphs to directed graphs, and in this contribution, we further broaden the notion of the Forman-Ricci curvature for a directed edge to also define an augmented FormanRicci curvature for a directed edge which also takes into account the 2-dimensional faces arising from higher-order correlations between vertices in directed networks. We had also earlier developed the idea and explored the augmented Forman-Ricci curvature which accounts for twodimensional faces in undirected complex networks [24, 45] . In addition, we also introduce here a fitting notion of the Ollivier-Ricci curvature for directed networks. Thus, the three notions of discrete Ricci curvature can hereafter be employed to investigate both undirected and directed complex networks.
The remainder of this paper is organized as follows. In the next section, we extend the two notions of Ricci curvature for undirected networks to directed networks. More precisely, we not only adapt the Ollivier-Ricci and Forman-Ricci curvatures for undirected networks discussed in Ref. [24] , but we have also developed a directed analogue of the augmented Forman-Ricci curvature which also accounts for two-(and higher-) dimensional complexes. In the subsequent section, we list the datasets of directed networks, both model and real-world, employed to investigate the Forman-Ricci and Ollivier-Ricci curvature for directed networks. In the penultimate section, we describe our main results, and in the last section, we conclude with a summary and future outlook.
Theoretical background
In this section, we extend the two discretizations of Ricci curvature, namely, Forman-Ricci and Ollivier-Ricci, which have been previously employed to study undirected networks to the setting of directed networks.
Extension of Forman-Ricci curvature to directed networks
Previously, we had adapted the Forman's discretization of Ricci curvature [33] to the setting of undirected networks and have employed the curvature measure to investigate several model and real-world networks [22, 36] . The classical Ricci curvature operates directionally along vectors, and in the discrete setting of networks, Forman-Ricci curvature is associated with the discrete analogue of vectors, namely, edges in networks. Thus, Forman-Ricci curvature is an edge-based measure for geometrical characterization of networks. In an undirected network G, the Forman-Ricci curvature for an edge e is given by the following formula [22] : 
In Eq. 1, e denotes the edge under consideration between two vertices v 1 and v 2 , w e denotes the weight of the edge e, and w v 1 and w v 2 denote the weights associated with the vertices v 1 and v 2 , respectively. In Eq. 1, e v 1 ∼ e and e v 2 ∼ e denote the set of edges incident on vertices v 1 and v 2 , respectively, after excluding the edge e under consideration which connects the two vertices v 1 and v 2 . Note that e v 1 , e v 2 ∼ e under the summation symbol in Eq. 1 do not denote a double summation, but rather this notation enables compact representation of a single summation, and thus: 
From a geometrical perspective, Forman-Ricci curvature is a concept inspired from Riemannian and polyhedral geometry which quantifies for an edge e the extent to which the network spreads out at the ends of edges in a network. The more is this spreading in the network, the more negative is the Forman-Ricci curvature of the network. Thus, Forman-Ricci curvature represents the information flow in the network along the edge e and this physical interpretation can be easily seen from the defining formula (Eq. 1). Moreover, using the definition of the FormanRicci curvature for an edge in the undirected network (Eq. 1), one can elegantly define the Forman-Ricci curvature for a vertex v in the undirected network as follows [36] :
where E v denotes the set of edges incident on the vertex v. We remark that the Forman-Ricci curvature of a vertex represents a discrete analogue of scalar curvature in networks [36] .
In the original work [33] , Forman had not envisaged his curvature function for directed networks, but rather concentrated on more general geometric objects, the so called CW weighted cell complexes, of which polygonal meshes, for instance, represent one well known and widely employed example. Notice that in Forman's original work only positive weights were considered, since these weights represent therein generalizations of such natural geometric notions as length, area and volume. In consequence, no directed surfaces (or, more general complexes) can be modeled directly using Forman's original formalism. However, we will show here that it is simple to adapt the Forman-Ricci curvature for undirected networks [22] to directed networks. Thus, this work, though restricted solely to networks, also represents a novel theoretical extension.
Notice that we can rearrange the terms in the definition of the Forman-Ricci curvature for an edge e in Eq. 1 to separate the contributions of the two vertices v 1 and v 2 which anchor the edge e under consideration as follows:
Using the above equation, we define the Forman-Ricci curvature for a directed edge e which originates from vertex v 1 and terminates at vertex v 2 in a directed network as follows:
In Eq. 5, e I,v 1 ∼ e denote the set of incoming edges incident on vertex v 1 and e O,v 2 ∼ e denote the set of outgoing edges emanating from vertex v 2 . Thus, while computing the Forman-Ricci 4 curvature for a directed edge e which originates from vertex v 1 and terminates at vertex v 2 , we take into account only those directed edges that either terminate at vertex v 1 or originate at vertex v 2 ( Fig. 1(a) ). Moreover, while computing the Forman-Ricci curvature for a directed edge e, we ignore self-edges or self-loops at vertices v 1 and v 2 which can arise in real-world networks. In short, while computing the Forman-Ricci curvature for an edge e in directed networks, we consider only those neighboring edges whose direction is compatible with the direction of edge e, and moreover, this fundamentally ensures that the resulting flow is consistent with the direction of edge e under consideration ( Fig. 1(a) ). We remark that our definition of the Forman-Ricci curvature for a directed edge is, by no means, the only possible choice. Beyond the mathematical reason discussed above, it is the most natural definition for the modelling of diverse real networks considered here. For a given vertex v in a directed network, one can distinguish between its incoming and outgoing edges. Given a vertex v, let us denote the set of incoming and outgoing edges for a vertex v by E I,v and E O,v , respectively ( Fig. 1(a) ). Then, one can elegantly define the In FormanRicci curvature F I (v) and the Out Forman-Ricci curvature F O (v) as follows:
where the summations are taken over only the incoming and outgoing edges, respectively. Moreover, one can obtain the total amount of flow through a vertex v in the directed network as follows:
Thus, in a directed network, one can associate three Forman-Ricci curvatures with each vertex v, namely, In Forman-Ricci curvature F I (v), the Out Forman-Ricci curvature F O (v) and the total flow F T (v).
Augmented Forman-Ricci curvature for directed networks
Traditional network measures consider only the pairwise correlations between vertices as embodied by edges in a complex network while ignoring higher-order correlations between ntuples of vertices. Such higher-order correlations naturally arise between vertices in real-world networks such as scientific co-authorship networks [46] and disease-gene association networks [47] . From a geometric point of view, these higher-order correlations between vertices in a network are captured by two-dimenesional faces determined by the relevant n-tuples of vertices. For instance, one may construct two-dimensional polyhedral complexes by inserting a triangle into any connected triple of vertices or cycle of length 3, a quadrangle into a cycle of length 4, a pentagon into a cycle of length 5, and so on. Notably, the original definition [33] of the FormanRicci curvature for general CW complexes applies to complexes of dimension higher or equal to 2, which is given by: 
where w e denotes the weight of edge e, w v denotes the weight of vertex v, w f denotes the weight of face f , σ < τ means that σ is a face of τ, and || signifies parallelism, i.e. the two cells 6 have a common parent (higher dimensional face) or a common child (lower dimensional face), but not both a common parent and common child. In particular, the above formula (Eq. 9) for complexes having solely triangular faces t while neglecting correlations between more than 3 vertices becomes:
We denote the resulting quantity given by the above equation as the augmented Forman-Ricci curvature for an edge e which also accounts for two-dimensional simplicial complexes of length 3 arising in undirected networks [24] . We remark that in a unweighted and undirected network G with w t = w e = w v = 1, ∀t ∈ T (G), e ∈ E(G), v ∈ V(G), where T (G), E(G) and V(G) represent the set of triangular faces, edges and vertices, respectively, there is a simple relationship [24] between Forman-Ricci curvature F(e) and augmented Forman-Ricci curvature F # (e) for an edge e which is: (11) where m is the number of triangles containing edge e under consideration in the undirected network. Importantly, the original definition of the Forman-Ricci curvature concerns CW complexes of dimension at least 2 (Eq. 9), and thus, our definition of the augmented Forman-Ricci curvature naturally extends to hypergraphs. In a future contribution, we will report ongoing work on application of the augmented Forman-Ricci curvature (Eq. 11) to complex hypernetworks. We now extend the definition of the augmented Forman-Ricci curvature for an edge e in undirected networks to directed networks. This adaptation is rather straightforward provided once the appropriate choice for directed triangular faces is made. While making the necessary choice, it is imperative to remark that there are three essentially different types of directed triangles which can arise in complex networks ( Fig. 1(b) ), and of these three possible choices, we opt for the first configuration to be the directed simplicial complex following the recent work by Masulli & Villa [48] and Courtney & Bianconi [25] . Note that the first configuration shown in Fig. 1 (b) and chosen as the directed simplicial complex is the extensively studied feed forward loop (FFL) motif which is preponderant in several real-world directed networks including transcriptional regulatory networks [39] . We highlight that our choice of the faces of the directed simplicial complex is by no means universal, and in particular, from a purely geometric or topological point of view, the second configuration in Fig. 1 (b) corresponding to a cycle could also represent a viable choice. However, we followed Masulli & Villa [48] and Courtney & Bianconi [25] in choosing the first configuration in Fig. 1(b) as the faces of the directed simplicial complex because this configuration is in concordance with the direction of the information flow along the edge e under consideration, and thus, conforms with the intuition of the Forman-Ricci curvature as a measure of geodesic dispersal and flow through an edge. With the above-mentioned choice of the face of the directed simplicial complex ( Fig. 1(c) ), the mathematical formula for the augmented Forman-Ricci curvature for a directed edge e which originates from vertex v 1 and terminates at vertex v 2 in a directed network is given by:
In this contribution, we have also explored the augmented Forman-Ricci curvature for a directed edge e in model and real-world directed networks.
Extension of Ollivier-Ricci curvature to directed networks
We here briefly describe the Ollivier-Ricci curvature and its adaptation to directed networks. Ollivier's discretization of Ricci curvature stems from the essential observation that "In positive curvature, balls are closer than their centers are, while in negative curvature, balls are farther than their centers are" [32] . Indeed, in a n-dimensional Riemannian manifold, this property is captured precisely by the Ricci curvature Ric(v) in the tangential direction v, as quantized in the following formula for the average distance δ = d(x, y) between two infintesimal balls B x and B y with centers x and y, respectively, and radii equal to ε:
where ε, δ → 0. It is most natural to extend the above definition from volumes of infintesimal balls to more general measures. The additional ingredient needed to this end is to find a good definition for the distance between two measures. The most natural as well as easy to employ such distance is the Monge-Kantorovich-Wasserstein transportation metric W 1 (see, e.g. [27] ) which for graphs or networks has the following form, W 1 (m x , m y ), i.e. the transportation distance between the two probability measures m x and m y , is given by:
where m x , m y represent two probability measures associated with the vertices x, y, respectively, and where (m x , m y ) denotes the set of probability measures µ x,y that satisfy:
Note that the measure m, associated to the set of vertices of a network is, evidently, a discrete measure. Then Ollivier-Ricci curvature [14, 49] is defined as follows:
where m x , m y represent the measures of the balls around x and y, respectively. We highlight that while computing the Wasserstein distance [50] or earth mover's distance W 1 (m x , m y ) for an edge e = (x, y) in an undirected and unweighted network, the unit probability measure m x concentrated at the vertex x is equally distributed among the immediate neighbors of x while the unit probability measure m y concentrated at the vertex y should also be equally distributed among the immediate neighbors of y, and this is used to define the transportation plan from x to y [20] . Moreover, the ground distance d(x, y) for an edge e = (x, y) in an undirected and unweighted network is equal to the shortest path between vertices x and y which is trivially equal to 1 [20] . Thus, the Ollivier-Ricci curvature for an edge e = (x, y) in an undirected and unweighted network is given by:
In order to extend the notion of Ollivier-Ricci curvature to directed networks, we compute the analogue of Wasserstein distance W 1 (m x , m y ) for a directed edgeē = (x, y) in a directed and unweighted network as follows. The unit probability measure m x concentrated at the starting vertex x is equally distributed among the immediate neighbours with incoming edges to x while the unit probability measure m y concentrated at the terminating vertex y is equally distributed among the immediate neighbors with outgoing edges from y. In other words, similar to the definition of the Forman-Ricci curvature for a directed edgeē, while computing the Ollivier-Ricci curvature, we consider only the incoming edges to the starting vertex x and only the outgoing edges from the terminating vertex y. Thus, the Ollivier-Ricci curvature for a directed edgeē = (x, y) in a directed and unweighted network is given by:
We remark that the directed analogue of Wasserstein distance is no longer a proper metric as the W 1 (m y , m x ) may not even be defined in the directed network. Similar to the case of Forman-Ricci curvature in directed networks, one can elegantly define the In Ollivier-Ricci curvature O I (v) and the Out Ollivier-Ricci curvature O O (v) as follows:
Before concluding this section, let us note that the Ollivier-Ricci curvature has no immediate generalization to hypernetworks [51, 52] . However, one proposition to compute the OllivierRicci curvature in hypernetworks is as follows. One can associate to any two-dimensional cell complex with its dual graph, with vertex weights equal to the original face weights and with the edge weights coinciding to those in the original complex. Finally, one can compute the OllivierRicci curvature of the hypernetwork by computing the Ollivier-Ricci curvature of the associated dual graph.
Datasets
We have analyzed here the definitions introduced in the previous section of the Forman-Ricci, the Augmented Forman-Ricci and the Ollivier-Ricci curvature for a directed edge, in model and real-world directed networks.
We have considered two generative models of directed networks, namely, Erdös-Rényi (ER) model [53] and Scale-free (SF) model from vertex fitness scores [54, 55] . ER model generates an ensemble G(n, p) of random networks where n is the number of nodes and p is the probability that each possible directed edge exists between any pair of vertices in the network. SF model from vertex fitness scores generates directed networks with power-law distribution for both indegree and out-degree of vertices based on four parameters, namely, n, m, λ in and λ out , where n is the number of vertices, m is the number of edges, λ in is the exponent of the in-degree distribution of vertices and λ out is the exponent of the out-degree distribution of vertices in the network.
In addition, we have also considered the following directed real-world networks. Air traffic control [56] is a directed network which was reconstructed based on the Preferred Routes Database of the US Federal Aviation Administration National Flight Data Center (NFDC) [60] is a human protein phosphorylation network created using combined bioinformatics and protein microarray based strategy. Phosphonetwork contains 1290 vertices and 4372 directed edges where vertices correspond to human protein kinases or the substrate proteins of human protein kinases and directed edges represent phosphorylation of the substrate protein by the human protein kinases.
Supplementary Table S1 lists the different model and real-world directed networks analyzed here. In addition, Supplementary Table S1 lists several network measures such as maximum degree, average degree, average in-degree, average out-degree and size of the largest weakly connected component for the different model and real-world directed networks analyzed here. Furthermore, we have chosen different combinations of input parameters for the ER and SF models considered here to generate directed networks with different average degree. Also, we have sampled 100 directed networks starting with different random seed for a specific combination of input parameters from the two models of directed networks, and the results reported here for model networks is an average over the sample of 100 directed networks with chosen input parameters. Note that we have considered here directed yet unweighted model and real-world networks, and thus, the weights of vertices, edges and faces are taken to be 1 while computing the discrete Ricci curvatures.
Results and discussion

Edge curvature in directed networks
In Fig. 2 , we show the distribution of the Forman-Ricci (FR), the Augmented Forman-Ricci (AFR) and the Ollivier-Ricci (OR) curvature for edges in model and real-world directed networks. Note that the OR curvature for edges in directed and unweighted networks takes value in the range -2 to +1 which is independent of the number of edges or vertices in the network. In contrast, the FR or AFR curvature for edges depend on the number of edges or vertices in the directed network. Specifically, the FR or AFR curvature for an edge in directed and unweighted networks can take a very high negative value if the in-degree of the originating vertex and the out-degree of the terminating vertex of the directed edge under consideration is very high, and this can especially happen in large directed complex networks. From Fig. 2 , it is seen that, in both model and real-world directed networks considered here, the FR or AFR or OR curvature for most edges is negative. Recall that Ricci curvature controls the growth of volumes in the classical Riemannian setting [26, 61] . Thus, spaces with negative Ricci curvature have exponential type growth while those with positive Ricci curvature have a finite diameter, and this result also holds for both the FR and OR curvature [14, 33] . Thus, our observation that most edges in considered real-world directed networks have a negative FR or AFR or OR curvature suggests that these networks have potential of infinite growth.
From Fig. 2 , it is also seen that one can clearly distinguish the two models of directed networks, ER and SF, by the observed nature of the curvature distribution for edges. In directed ER networks, the distribution of the FR or AFR curvature for edges is narrow. But, in directed SF networks, the distribution of the FR or AFR curvature for edges is broad. In Fig. 2 , we also show the distribution of the FR or AFR curvature for edges in four real directed networks, namely, Air traffic control, Twitter List, E. coli TRN and Human protein interaction network. Similar to the directed SF networks, the four real directed networks have a broad distribution of the FR or AFR curvature for edges. These observations of broad distribution of the FR or AFR curvature for edges in real directed networks is consistent with the observed scale-free architecture with powerlaw degree distribution in considered networks. Also, note that more number of directed edges have positive AFR curvature in comparison to those with positive FR curvature in model and real directed networks considered here (Fig. 2) , and this can be explained by positive contributions to the curvature by the directed simplicial complexes which are accounted in the definition of the AFR curvature. Although in directed and unweighted networks, the distribution of the OR curvature for edges is bounded by the same range, we still find that the distribution of the OR curvature for edges in directed ER networks is very different from that for directed SF networks (Fig. 2) . Interestingly, the mean of the distribution of the OR curvature for edges in the real directed networks is in most cases found to be closer to that of the directed SF network than the directed ER network (Fig. 2) .
In Fig. 3 , we show the portion of the E. coli transcriptional regulatory network (TRN) which contains only vertices connected by directed edges with highly negative AFR curvature, i.e., edges with F # (e) ≤ −58. Interestingly, sigma factors such as rpoD, rpoH and rpoE, which play a critical role in transcription initiation, are connected by directed edges with very high negative AFR curvature in this core subnetwork of the E. coli TRN (Fig. 3) .
We next compared the OR with FR and AFR curvature for edges in model and real-world directed networks (Table 1 ). In directed ER and SF networks, we find a high positive correlation between the OR and FR or AFR curvature for edges when the model directed networks are sparse with small average degree, but the observed correlation vanishes with increase in average degree of the model directed networks (Table 1; Supplementary Table S1 ). Note that the FR and AFR curvature for edges in directed ER and SF networks have very similar correlation with OR curvature (Table 1) . We have also compared the OR with FR and AFR curvature of edges in six real-world directed networks considered here (Table 1 ). In majority of the real-world directed networks considered here, we find a high positive correlation between the OR and FR or AFR curvature for edges (Table 1) . Both the FR and AFR curvature for edges also have similar correlation with OR curvature in real-world directed networks considered here (Table  1) . Hence, we find a high positive correlation between the OR and FR or AFR curvature for edges in sparse model directed networks and several real-world directed networks. Note that, in a recent contribution [24] , we have reported very high correlation between the OR and FR or 11 AFR curvature for edges in sparse model undirected networks and several real-world undirected networks. Together, our results reinforce our preference towards Forman's discretization of the Ricci curvature for analysis of large complex networks. We highlight that Forman's discretization of Ricci curvature and its augmented version is very simple to compute in large undirected or directed complex networks, while the corresponding computation for Ollivier's discretization may be prohibitive in many large undirected or directed networks. As emphasized above, the FR, AFR and OR curvatures are edge-centric measures for the analysis of complex networks [22, 24] . In network theory, edge-centric measures are less common than vertex-centric measures, and the present toolkit of other edge-centric measures for the analysis of undirected networks include edge betweenness centrality [62] , embeddedness [63] and dispersion [64] . Among these edge-centric measures for undirected networks, edge betweenness centrality can also be used to analyze directed networks. Edge betweennness centrality [4, 62, 65] is a global measure that quantifies the number of shortest paths that pass through an edge in an undirected or directed network. Edges with high betweenness centrality are bottlenecks for flows in the network. We have investigated the correlation between the edge-centric curvatures, OR, FR and AFR, with edge betweenness centrality in model and real directed networks (Table 2 ). In directed ER and SF networks, we find a high negative correlation between edge betweenness centrality and OR or FR or AFR curvature for edges, especially, when the model directed networks are sparse with small average degree (Table 2) . Similarly, in majority of the real-world directed networks considered here, we find a moderate to high negative correlation between edge betweenness centrality and OR or FR or AFR curvature for edges (Table 2) . We remark that both FR and AFR curvature for a directed edge are local measures dependent on the weights of anchoring vertices and neighboring edges in the network. In contrast, the edge betweenness centrality is a global measure dependent on all shortest paths in the directed network. Thus, FR and AFR curvature for edges are simpler and faster to compute in large networks in comparison to edge betweenness centrality.
Vertex curvature in directed networks
Using the definition of the OR, FR or AFR curvature for directed edges, it is simple to define two curvatures associated with each vertex in a directed network (See section 2). Thus, for a given vertex in a directed network, one can compute the In Ollivier-Ricci (IOR), Out OllivierRicci (OOR), In Forman-Ricci (IFR), Out Forman-Ricci (OFR), In Augmented Forman-Ricci (IAFR) and Out Augmented Forman-Ricci (OAFR) curavture (See section 2). We have also compared the IOR with IFR and IAFR curvature and OOR with OFR and OAFR curvature in model and real-world directed networks (Table 3 ). In directed ER and SF networks, IFR and IAFR curvature have a high positive correlation with IOR curvature, OFR and OAFR curvature have a high positive correlation with OOR curvature, and moreover, the observed correlation is less sensitive to average degree of model directed networks unlike the observed correlation between OR and FR or AFR curvature for edges (Table 3) . Also, in majority of the real directed networks considered here, IFR and IAFR curvature have a moderate to high positive correlation with IOR curvature, and OFR and OAFR curvature have a moderate to high positive correlation with OOR curvature (Table 3) . Taken together, there is a moderate to high positive correlation between the two discretizations of Ricci curvature due to Forman and Ollivier, in most of the analyzed directed networks.
In-degree gives the number of edges incident to the vertex while out-degree gives the number of edges originating from the vertex in a directed network. We have also compared the in-degree with IOR, IFR and IAFR curvature and out-degree with OOR, OFR and OAFR curvature in model and real-world directed networks (Table 4 ). In directed ER and SF networks, the in-degree has high negative correlation with IOR, IFR and IAFR curvature, and the out-degree has high negative correlation with OOR, OFR and OAFR curvature, and the observed correlation is less sensitive to average degree of the model directed networks. In majority of the real directed networks considered here, the in-degree and out-degree have moderate to high negative correlation with IOR and OOR curvature, respectively (Table 4 ). In the real directed networks considered here, the out-degree has high negative correlation with OFR or OAFR curvature (Table 4). However, in some of the real directed networks considered here, the in-degree has no or weak negative correlation with IFR or IAFR curvature (Table 4) .
Betweenness centrality [62] of a vertex gives the fraction of shortest paths between all pairs of vertices in the network that pass through that vertex. In directed ER and SF networks, betweenness centrality has moderate to high negative correlation with IOR, OOR, IFR, OFR, IAFR and OAFR curvature (Supplementary Table S2 ). Moreover, in majority of the real directed networks considered here, betweenness centrality has moderate to high negative correlation with IOR, OOR, IFR, OFR, IAFR and OAFR curvature (Supplementary Table S2 ). Pagerank [66, 67] is an algorithm for directed networks which was originally developed to rank websites by the Google search engine. Pagerank can be employed with any directed network to measure importance of different vertices in the network. The algorithm counts the number and quality of incoming edges to a vertex to estimate the importance of a vertex in the network. In directed ER and SF networks, page rank has a high negative correlation with IOR, IFR and IAFR curvature, while page rank has no or weak negative correlation with OOR, OFR and OAFR curvature (Supplementary Table  S3 ). In contrast, page rank has no or weak negative correlation with IOR, IFR, IAFR, OOR, OFR and OAFR curavture in majority of the real directed networks considered here (Supplementary  Table S3 ).
Curvature and robustness of directed networks
We next investigated the effect of removing directed edges based on increasing order of their OR, FR or AFR curvature on the large-scale connectivity of directed networks. Communication efficiency [68] is a measure that captures how efficiently the information can be exchanged across the network, and the measure can be used to quantify a network's resistance to failure in face of small perturbations. Fig. 4 shows the communication efficiency in model and real-world directed networks as a function of the fraction of edges removed. Here, the order of removing edges is based on the following criteria: (a) random order, (b) increasing order of OR curvature, (c) increasing order of FR curvature, (d) increasing order of AFR curvature, and (e) decreasing order of edge betweenness centrality. It is clear that targeted removal of edges with highly negative OR, FR or AFR curvature leads to faster disintegration compared to random removal of edges in the model and real directed networks (Fig. 4) . Moreover, removal of edges based on increasing order of FR or AFR curvature leads to slightly faster disintegration in comparison to removal of edges based on increasing order of OR curvature, in model and real directed networks considered here (Fig. 4) . However, removal of edges based on decreasing order of edge betweenness centrality typically leads to slightly faster disintegration in comparison to the removal of edges based on increasing order of OR, FR or AFR curvature in model and real directed networks considered here (Fig. 4) . These results underscore that our definition of the OR, FR and AFR curvature captures the importance of edges for flows in directed networks.
We next investigated the effect of removing vertices based on increasing order of their IOR, OOR, IFR, OFR, IAFR or OAFR curvature on the large-scale connectivity of directed networks Figure 3 : Visualization of the subnetwork within the E. coli transcriptional regulatory network (TRN) containing vertices connected by directed edges with highly negative augmented Forman-Ricci curvature (AFR), i.e., edges with F # (e) ≤ −58. In this figure, the width of the directed edges is proportional to the magnitude of its AFR curvature. Interestingly, sigma factors including rpoD, rpoH and rpoE which play a critical role in transcriptional initiation are connected by directed edges with very high negative AFR curvture in this core subnetwork of the E. coli TRN. ( Fig. 5) . It is seen that targeted removal of vertices with highly negative IOR, OOR, IFR, OFR, IAFR or OAFR curvature leads to faster disintegration compared to random removal of vertices in both model and real directed networks (Fig. 5) . Previous work [2-4, 7, 69-71] has shown that model and real networks are vulnerable to targeted removal of vertices with high degree or high betweenness centrality. We have also compared the effect of removing vertices based on increasing order of their IOR, OOR, IFR, OFR, IAFR or OAFR curvature against removing vertices based on decreasing order of their in-degree, out-degree or betweenness centrality on the largescale connectivity of networks (Fig. 5) . In majority of model and real-world directed networks considered here, we find that the removal of vertices based on decreasing order of betweenness centrality leads to at least slightly faster distintegration compared to removal of vertices based on increasing order of IOR, OOR, IFR, OFR, IAFR or OAFR curvature or decreasing order of in-degree or out-degree (Fig. 5) . These results underscore that vertices with highly negative IOR, OOR, IFR, OFR, IAFR or OAFR curvature are important for maintaining the large-scale connectivity of directed networks.
Summary and Future Outlook
In this paper, we have extended both our recent adaptation of the Forman's discretization of Ricci curvature and its extension to include two-dimensional faces capturing higher-order correlations between vertices, as well as Ollivier's discretization of Ricci curvature, from undirected to directed networks. 16 The mathematical expression for the Forman-Ricci (FR) curvature for a directed edge elegantly incorporates the vertex weights, edge weights and edge direction in directed networks. Furthermore, the augmented Forman-Ricci (AFR) curvature takes into account also the influence of the faces adjacent to a given directed edge on the Ricci curvature of the considered edge. We find that the distribution of the FR and AFR curvature for directed edges is narrow in directed ER networks, while the distribution is broad in directed SF networks. In most real directed networks, the distribution of the FR and AFR curvature for directed edges is also broad like SF networks. These results highlight that the distribution of the FR and AFR curvature for directed edges can also be employed to distinguish and classify different types of directed networks. We also find that the FR and AFR curvature for edges has a moderate to high negative correlation with edge betweenness centrality in considered directed networks. Based on the definition of the FR and AFR curvature for a directed edge, it is easy to define the In Forman-Ricci (IFR), Out Forman-Ricci (OFR), In Augmented Forman-Ricci (IAFR) and Out Augmented Forman-Ricci (OAFR) curvature for vertices in directed networks. We have also investigated the correlation of IFR and IAFR curvature with in-degree, OFR and OAFR curvature with out-degree, and IFR, OFR, IAFR and OAFR curvature with betweenness centrality and page rank of vertices in model and real directed networks. Moreover, an investigation of the effect of removing edges based on their FR or AFR curvature, or removing vertices based on their IFR, OFR, IAFR or OAFR curvature, on the communication efficiency of directed networks shows that both model and real directed networks are vulnerable to targeted removal of edges with highly negative FR or AFR curvature or vertices with highly negative IFR, OFR, IAFR or OAFR curvature.
Using the same basic approach employed to extend Forman's discretization of Ricci curvature for undirected networks to directed networks, we have extended the better known Ollivier-Ricci (OR) curvature for undirected networks to directed networks (See section 2). We find that the OR curvature for directed edges has a high negative correlation with FR or AFR curvature in many model and real directed networks analyzed here. We emphasize that, in contrast to the FR or AFR curvature whose computation is simple and fast in large undirected and directed networks, the computation of the OR curvature necessitates solving a linear programming problem associated with optimal mass transport on networks which will not computationally scale to extremely large directed networks such as the world wide web (WWW) [42] . Hence, our result that OR curvature for directed edges has a high negative correlation with FR or AFR curvature in many real directed networks suggests that FR or AFR curvature can be used to obtain a coarse-view on OR curvature in extremely large directed networks where the computation of OR curvature may be prohibitive. We also find that the OR curvature for edges has a moderate to high negative correlation with edge betweenness centrality in considered directed networks. We have also investigated the correlation of IOR curvature with in-degree, OOR curvature with out-degree, and IOR and OOR curvature with betweenness centrality and page rank of vertices in model and real directed networks. Also, an investigation of the effect of removing edges based on their OR curvature, or removing vertices based on their IOR or OOR curvature, on the communication efficiency of directed networks shows that both model and real directed networks are vulnerable to targeted removal of edges with highly negative OR curvature or vertices with highly negative IOR or OOR curvature. Thus, both Forman's and Ollivier's discretizations of Ricci curvature can hereafter be employed to uncover the hidden geometry of both directed and undirected complex networks.
Notably, a drawback of the FR and OR curvature is that they do not take into account higher order correlations between triples, quadruples and higher n-tuples of vertices. However, we could overcome this drawback by appealing to Forman's original definition of Ricci curvature [33] , which is defined for polyhedral and more general complexes, and thus, intrinsically takes 18 into account faces of dimension higher or equal to two which can capture the higher-order correlations between vertices in networks [22, 24, 45] . Importantly, we have also introduced here the adaptation of the augmented Forman-Ricci (AFR) curvature for undirected networks to directed networks which account for the two-dimensional directed simplicial complexes. Among the three essentially different types of directed triangles ( Fig. 1(b) ), we have chosen the feed forward loop (FFL) to be the face or directed simplicial complex while computing the AFR curvature for directed edges (Fig. 1(c) . Note that more directed edges in analyzed model and real directed networks have a positive AFR curvature in comparison to positive FR curvature, and this is presumably due to positive contributions from directed simplicial complexes accounted in the definition of the AFR curvature. A number of potential subjects of further research present themselves as natural extensions of this work. Perhaps the first and most basic among them is the exploration of the augmented Ricci flow in different types of networks. Previously, some of us have explored the Ricci flow in undirected networks [45] , and have further shown the applications of Ricci flow in the prediction of the long time behavior of the network. Clearly, a similar and systematic investigation of the Ricci flow with the definition of the AFR curvature for directed edges is warranted in model and real-world directed networks. Moreover, the long time evolution is given by the Euler-Bloch characteristic of the network, and a similar invariant also needs to be developed for directed networks. These research directions represent work in progress and will be reported in future contributions. In a nutshell, we expect the definitions of the discrete Ricci curvatures introduced here, especially the AFR curvature, to be employed for the future investigations of the directed networks and hyper-networks. 
